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In [Feng and Kozak, J. Approx. Theory 32 (1981), 327-3381, another proof of 
the boundedness of &projections onto splines on a geometric mesh was given. In 
this paper, the sharp lower bound is obtained for the inverse of the corresponding 
B-spline Gram matrix. Namely, (jG;‘I/, = IZ,, ,(q’; q)/l’I1~-,(-q’; q)/ > 2k - 1, 
for r=k, k- 1. 
1. INTRODUCTION 
We begin with the explanation of some notations. 
D,(A; q) := 
jti 
is the generalized Euler-Frobenius polynomial of order n, and f := In q. 
(“) := n!/r!(n - I)!, is a binomial coeffkient. a,,i(q) (i = 0, I,..., n - 1) are 
thk coeffkients of the polynomial defined by 
n-1 
,zo an,i(4)ili ‘= ’ 
1 
Yn(q _ l)” n&Q 41, Yn := n!t”’ 
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u$ (i = 0, I)...) n - 1, j = 0 )...) i(n - 1 - i)) are the coefftcients of the 
polynomial defined by 
i(n- I -i) 
u, i(q) =. pi)(n-l-i)/2 
c 
a $ q'. 
j=O 
Given a biinfinite geometric knot sequence t := (qi)'g for some 
q E (0, co) with 
t *a2 := lim ti, 
i+*a, 
z := (t-m, t, ,), 
we denote by 
N n,i := (tit, - ti)[ti, ti+l,..., ti+n](‘-X):-l 
the corresponding B-splines normalized so that 
C Nn,i(X) = 1 
and by S,,, .- *- span {N,,i} the space of splines of degree n - 1 with knots t. 
We can consider the projectors Pk,r: C(Z) -+ S2k-r,f defined by the 
conditions that 
and 
P/c,rf = C ai N2k-r.i 
I 
with (f, g) := J”tf(x) g(x) dx. Then P,,, is the interpolation projector and 
P,., the usual L,-projector onto Skst. 
This paper is a continuation of [ 11. In [l] the uniform boundedness of 
for q E (0, co) with r = k, k - 1 was proved. Here, G;’ is the inverse of 
corresponding B-spline Gram matrix. In this paper we obtain the sharp lower 
bound for (IG;‘I(,. N amely, we prove that for any q E (0, 00) and r = k, 
k - 1, the inequality 
fl2/c-*w; 4) 
lIG;‘lIm = n2k-,(-q’; q) 
>2k-1 
holds. 
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In order to prove this, we need some properties of ZI,(A; q) which were 
studied in [ 1 ] and [ 21. For the reader’s convenience we copy some of them 
as follows. 
PROPOSITION 1 [ 2). II,@; q) satisfies a “d#erence-delay” equation 
n,(n; q) := 1, 
n”+*(k 9) = (n ; 1) t ((1 -A) 9”~,(9-‘~; 4) 
- (qn+’ - 1) fl,@; 4)h n = 0, I,.... 
PROPOSITION 2 [l]. The polynomial II,@; q) satisfies 
II,@; q) = A”-‘q- nw)12fln(qnp; q)* 
The coeficients a,,i(q) can be computed recursively by 
a,+l,i(4)=(4- l>-’ t(4”+‘-s”-i)a,,it9) 
+ (9 “+I-’ - 1) a,,i-l(9)), 
where 
a,,,(q) := 1, a,, - ,(4) = a,,,(q) := 0. 
PROPOSITION 3 [l]. The coeflcients a,,,(q) satisfy 
a,,,(q) = qn(n-2i-‘)‘2an,n- 1 -i(q)3 
and, for n > 2, the integer coeflcients a$ are symmetric 
aC.f), = a(i(?-l-i)-j) 
n,, II,, 9 for all j. 
In particular 
2. THE SHARP LOWER BOUND FOR I(G;'II, 
(1.1) 
(1.2) 
(1.3) 
(1.4) 
(1.5) 
(1.6) 
Before proving the theorem we need to do some preparation. 
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LEMMA 2.1. The following equalities hold 
17,k-d--qk;q) = (-)“-I q’W’k’k-” (k+)* (a2k-,qj-P2k-I j)qj 
YZk-l(V ljZk-’ i j=O 
with 
For convenience, here and below we use 
a(‘). a= 0 lf.1’ ) if r < 0 or r > i(n - 1 - i) as well as i < 0. (2.2) 
In particular 
a Zk-l,O= 
(2.3) 
Similarly 
&-2(-qk-? 4) (k- l)(k-2) 
Y2k-2(4 - 1)2k-2 
= (->“-I q(l12)(k-1)(3k-4) C (a2k-2,1 - p2k-2,,i) qj 
j=O 
(2.4) 
with 
a *k-2,j=PZk-2,j:=a~~_2,k-2+ 5 (a~~:f:_:))2i+a~~~:2:+:)~2i) 
i= I 
02 
= v a +(l/Z)i(i+ 1)) 
,GJ 
Zk-2.k-2-i . 
Proof: By the definition of a,,,(q) and a:$, 
n2k-,(-qk; 9) 
Zk-2 
YZk--l(q - 1)2k-’ 
= z. a2k-l,i(q>(-qk>i 
2k-2 i(2k-2-i) 
=z 
i=O 
Jzo (-Ii q@‘+ja%-l,i 
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with 
Let 
q:=4(2k-l-i)(2/&2-i)+&, 
min (3/2)k(k- I) 
O$i(Zk-2 
cPi=q . 
(pi := Qi - ; k(k - 1) = f (k - 1 - i)(k - 2 - i). 
Then 
n2k- lhk; 4) 
Y2k- ‘(4 - 1)2k-’ 
2k-2 i(2k-2-i) 
= (3/2)k(k- 1) 
4 z. z. (-Ii uiL I,iq”‘+j 
k-l (k-1)2-i* 
= (3/2)k(k-1) 
9 
[ 
r 
L 
i=O 
]zo (_)k-l-iq(l/2)i(i-l)+ja~~_,,k_l_i 
k- 1 (k-1)2-i* 
+c 
i=l 
J/So (-)k-*+iq(*/2)i(i+*)+ju~~-l,k+i-,~ 
(k- 1)2 k-l (k-l)Z-il 
= (-)“-I q’3/2’k’k-” C uyL-l,k- lq’ + c 2 
j=O i=l j=O 
x (-)‘(4 (l12)i(i-l)tja~~_l,k_,_i+ q(~l~)i(it~)tja~~_l,k~l_i 
)I 
= (-)k- 1 qO/2’k’k- 1) 
‘;$o’2 [(a$I,,, - ati’ Zk- I.k-2 > 
+ f @2k-l,k-l- 
f.i-itli- 1)) C.i-i(2it 1)) 
2i + a2k-l,k-l-2i 
j 
i=l 
and (2.1) follows. 
By (2.1) and (1.5) we get 
a 2k-l,0=“%l,k-I= 
PZk-1.0 = u:0k)_l,k-2 = (;I;) ’ 
The same kind of argument proves (2.4). 
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An analogous argument gives 
n2k- lhk; 4) 
(k- 1j2 
= 
YZk--lb - 1)2k-’ ’ 
(3’2)k(k-‘) JFo (a,k-l,j +PZk-l,j) 4’3 (2.5) 
n2k-2(qk-‘; 9) 
(k-l)(k-2) 
hk-2h - 1)2k-2 
= q”/2”k- 1)(3k-4) 5 
-j=O (a2k-2,j +PZk-2.j) do (2.6) 
A straightforward calculation starting with the formula defining II,,@; q) 
leads to the expressions 
n2k- lhk; 4) 
hk-lb - ljZk-’ 
k-2 
= (3/w+-1) n (1 +q+ . . . +qi)*(l +q+ . . . +qk-l) 
i=l 
(k- 1)2 
q’3/2’k’k-l’ y d =: 
J%l 2k-l.jqJ, (2.7) 
n2k-2(qk-19 q> 
k-2 
yZkp2(q- 1)2k-2 = ’ 
(‘P)(k- ‘)(3k-4) E (1 + q + ... + qi)2 
(k-l)(k-2) 
q 
(1/2)(k-l)(3k-4) \‘ d 
Zk-Z.j&’ (2.8) 
.j= 0 
From (2.5), (2.6), (2.7), (2.8) it is easy to find the relations 
(2.9) 
d 2k-2,i= a2k-2.i f P2k-2.i = hk-2.i7 (2.10) 
k-l 
d 2k-l,i= ,$. &-2,i-.i~ 
k-2 
d,k-,,i= Jso dz-3.i-jy 
(2.11) 
(2.12) 
and 
where 
d -d Zk-l,i- 2k-l,(k-l)z-i~ (2.13) 
dzk-2.i = d,k-2,(k-l)tk-*)-ir (2.14) 
d,.i := a,,i := 0 if i < 0. 
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LEMMA 2.2. The folio wing equality holds : 
U~!‘i= i arL,,i+ i ,’ j,i-l’ a’ 1 
r=l-i r=/+i&n+ I 
Proof: By (1.2) and the definition of uY!~ 
i(n-I -i) 
an,i(q) = 4 
(n-i)(n-l-i)/2 J’ 
,3 
Uiyiq’ 
and 
(2.15) 
(*> 
un,i(q) = 4 ‘-lPi(l +q + ‘*’ +qi)U,-,,i(q) 
+ (1 +q + “’ +qn-i-l)u,-,,i-l(q) 
i(n-l-i) 
= q(n-i)(npI-i)/2 \‘ 
,s ( 
;- un-l.i 
(r) + i7 
r=Ei r=j+i-n+l 
Comparing with (*), (2.15) follows. 
(2.16) 
COROLLARY 2.1. The following inequalities hold: 
Qi > a(‘: ‘) n.1 for l< [fi(n - i - l)], O<i<n- 1 (2.17) 
and 
a”‘. > a”‘. n,I / n,r-1 for O<l<i(n- 1 -i),i< [(n- 1)/2]. (2.18) 
Proof. We use mathematical induction to prove (2.17), (2.18). Suppose 
for n - 1, (2.17), (2.18) hold. Using (2.15), 
a(l). - u:‘,;‘) I (~lf’~,~ - u~‘~f,j’)) + (u~‘~,,~-, - a~~f.;“‘,). n.r 
Since by (1.4), 
u(O, = a(i(y-l-i)-/) 
n,, n,r 
and 
I< ji(n - 1 - i), O<i<n-1, 
we get 
a”’ n-l,i>aL’I/,i’), if l< fi(n - 2 - i), 
&’ 
n-1,i >a.-,,i 
[(l/Z)i(n-2-i)bi/Z] > 
/a 
(I-i-1) 
n-1.i 3 if fi(n - 2 - i) < l< ii(n - 1 - i). 
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However, 
The same kind of argument shows 
Now, we bring the induction hypothesis to the next level and (2.17) is proved 
since it obviously holds for n = 2. 
In order to prove (2.18), it is enough to prove 2.18), only for 0 ,< I < 
i(i - l)(n - i) b ecause of (2.17) and (1.4). By (2.15) 
By induction hypothesis and (2.17), we know 
and 
as well as 
Therefore (2.18) holds for n and so (2.18) is proved, since it is obviously 
right for n = 2. 
LEMMA 2.3. The following equalities hold: 
a VI a2k-2.k-1 
(Cl 
u2k-2,k- 1 -2i 
r=j-kil 
j-i(Zi-1) j-i(2if I) 
c 
+ i u:rk)-2,k-2-2i + 
\’ 
r=j-kt I-i(2i+ I) r=j-ktl-i(2i-I) 
j-i(Zi+l) 
X u~k)-2.k-l-2i + r 
r=j-kt l-i(2i+3) (2.19) 
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i a2k-2,i 
i=j-k+ 1 
+ 
j-i(2i-1) 
= (0 
r=j?t 1 
a2k-2,k-2 + 5 ( 27 a:rk)-2,k- I -2i 
i=l r=j-k+ I-i(Zi-1) 
j-i(2it 1) 
K- 
f Y 
w 
a2k-2,k-2-2i . 
i 
(2.20) 
r=i-k+l-i(2it 1) 
Proof: From (2.1), (2.4) and Lemma 2.2, by straightforward 
calculations, (2.19) and (2.20) can be proved. 1 
LEMMA 2.4. Forj < [f(k - 1)2], the inequa& 
a2k-l,j< a2k-l,0 * d2k-1.j 
holds. 
Proof. Since 
a2k-1,0 
+ &k-z,/ 
I=j-kt 1 
a2k-2,1’ 
l=j-kt 1 
in order to prove Lemma 2.4 it is enough to show 
aZkwlJ< 2 2 a2k-2,1’ 
l=j-ktl 
From (2.19) and (2.20), 
‘2k-2.1 - a2k-l,j 
/=j-k+ 1 
j-k-i(Zi-3) j--i(2i- I) 
r=j-k+l-iC2i-1) r=j+ I-i(2i+ 1) 
j-i(2i-1) 
W) 
x a2k-2,k--1-2i - C aE-2.k-2-2i 
r=j+l-i(2itl) 
(2.2 1) 
(2.22) 
j-k-i(2it 1) 
- r 
r=j-ktfi-i(2i+3) 
d-2, k-2-2i 
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j-i(Zi- I) 
2 (a:rk)-*,k-l-2i-“~-2,k-2-2i) 
r=j+l-i(2i+l) 
j-k-i(Zi-3) 
+ x 
r=j-k+ 1 -i(Zit I) 
Because of (2.17), (2.18) and (1.4), Lemma 2.4 follows. 1 
THEOREM. For any q E (0, 03) and for r = k - 1, k, the inequality 
(3.0) 
holds, and lim,,, 1) G;‘II = 2k - 1. 
Proof. Because of the symmetry of ZZ,(A; q), we can restrict our 
discussion to the case q E [ 1, co). 
By (2.1), (2.3), (2.7), Lemma 2.4 and (l.l), we have 
n2k-,(qk-1; 4) 
I I 
n2k-1(qk; 4) 
n,,- l(-qk-? 4) = n2k- ,(-qk; 4) 
(‘“,-I) Clan”* d2k-l,iqi 
= ~f~~‘)L(2a2k-~,i-(2k~‘)d2k-~,i)qi 
(‘“,I) City’)* d,k_,,iq’ 
~~~~~1’2(2a2k--~,~~d2k-~.i-(2k~1)d2k-~,~)9i 
=2k- 1, 
and we refer to [ l] for equality. 
The proof of the theorem relies mainly on Lemma 2.4. In order to prove 
the monotonicity of 
n2,- *kk; 4) 
n2k- I(--4k; 9) 
for 9E (0, oo), 
it is sufficient to prove the stronger inequality 
a 2k-l,j d 
a2k--lj+l ’ d,::;;;, 
for O<j< [G(k- l)‘]. 
We have failed to prove this inequality. But numerical results (see tables) 
show the inequality is true at least for n < 9. 
3.
 A
PP
EN
D
IX
 
C
Z
,,~
,&
~
, d
,,i
 f
or
 4
 &
 n
 <
 9
, 
i=
 
0,
 l
,..
. ,
 [
(n
 - 
1)
/2
] 
. 
[n
/2
] 
i 
n 
at
/A
d 
0 
1 
2 
3 
4 
5 
6 
I 
8 
9 
10
 
11
 
12
 
13
 
14
 
15
 
16
 
4 
a=
@
 
3 
6 
3 
d 
1 
2 
1 
5 
;I 
6 
17
 
22
 
17
 
6 
4 
13
 
18
 
13
 
4 
d 
13
43
 
1 
6 
C
f=
p 
10
 
40
 
80
 
10
0 
80
 
40
 
10
 
d 
1 
4 
8 
10
 
8 
4 
1 
1 
; 
20
 
96
 
24
2 
42
2 
54
8 
54
8 
42
2 
24
2 
96
 
20
 
15
 
19
 
21
3 
38
3 
50
2 
50
2 
38
3 
21
3 
19
 
15
 
d 
1 
5 
13
 
23
 
30
 
30
 
23
 
13
 
5 
1 
8 
a=
/3
 
35
 
21
0 
66
5 
14
70
 
24
85
 
33
60
 
37
10
 
33
60
 
24
85
 
14
70
 
66
5 
21
0 
35
 
d 
1 
6 
19
 
42
 
71
 
96
 
10
6 
96
 
71
 
42
 
19
 
6 
1 
9 
; 
70
 
47
6 
17
28
 
44
49
 
90
05
 
15
07
3 
21
44
8 
26
35
4 
28
20
2 
26
35
4 
21
44
8 
15
07
3 
90
05
 
44
49
 
17
28
 
47
6 
70
 
56
 
40
6 
15
48
 
41
19
 
85
09
 
14
41
1 
20
63
6 
25
43
2 
27
23
8 
25
43
2 
20
63
6 
14
41
1 
85
09
 
41
19
 
15
48
 
40
6 
56
 
d 
1 
7 
26
 
68
 
13
9 
23
4 
33
4 
41
1 
44
0 
41
1 
33
4 
23
4 
13
9 
68
 
26
 
7 
1 
c$
,ji
i4
 <
n 
<
 9
, i
 =
 0
, 
1,
 [(
n 
- 
1)
/2
],
j 
=
 0
, 
l,.
..,
 i(
n 
- 
1 
- 
i) 
n 
I 0 1
 
0 1
 
2 0 1
 
2 0 1
 
2 3 0 1
 
2 3 0 1
 
2 3 4 
J 0
12
 
3 
4 
1 35
 
3 
1 49
 
9 
4 
6 
16
 
22
 
16
 
6 
1 5 
14
 
19
 
14
 
5 
10
 
35
 
66
 
80
 
66
 
1 6 
20
 
34
 
34
 
20
 
15
 
64
 
14
9 
23
3 
26
9 
20
 
90
 
22
2 
38
2 
49
4 
1 1 
21
 
55
 
69
 
55
 
21
 
10
5 
28
8 
54
0 
76
5 
35
 
18
9 
56
0 
11
75
 
19
18
 
1 8 
35
 
83
 
12
5 
12
5 
28
 
16
0 
50
3 
10
91
 
18
06
 
56
 
35
0 
11
98
 
29
13
 
55
61
 
70
 
44
8 
15
68
 
39
18
 
77
54
 
5 
6 
1 
8 
9 
10
 
11
 
12
 
13
 
14
 
15
 
16
 
~
~
- 
35
 
6 
23
3 
49
4 21
 
7 
85
5 
76
5 
25
40
 
27
85
 
83
 
35
 
8 
24
00
 
26
32
 
24
00
 
18
06
 
10
91
 
50
3 
16
0 
28
 
87
67
 
11
73
6 
13
53
6 
13
53
6 
11
73
6 
87
67
 
55
61
 
29
13
 
11
98
 
35
0 
56
 
12
76
4 
17
95
6 
21
91
6 
23
40
2 
21
91
6 
17
95
6 
12
76
4 
77
54
 
39
18
 
15
68
 
44
8 
70
 
10
 
14
9 
64
 
15
 
38
2 
22
2 
90
 
20
 
54
0 
28
8 
10
5 
21
 
25
40
 
19
18
 
11
75
 
56
0 
18
9 
35
 
76 FENGAND KOZAK 
ACKNOWLEDGMENTS 
We would like to thank Professor Carl de Boor for his valuable help. 
REFERENCES 
1. Y. Y. FENG AND J. KOZAK, On the generalized Euler-Frobenius polynomial, J. Approx. 
Theory 32 (1981), 327-338. 
2. A. MICCHELLI, Cardinal L-splines, in “Studies in Spline Functions and Approximation 
Theory,” pp. 203-250, Academic Press, New York/London, 1976. 
